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ABSTRACT 


The basic theory of varieties and T-ideals is developed. 
Processes for obtaining identities for a ring are investigated with 
partial success. Some examples are given. If f is an identity 
and F is of characteristic zero or greater then the degree of 
f in each variable, then f is based on multilinear identities. 
Per. 46) Of Characteristic zero and T erie: 1k are finitely 
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generated, then TT) is finitely generated. 
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CHAPTER I 


T-IDEALS AND VARIETIES 


In this thesis I shall endeavor to show some of the problems 
in calculating polynomial identities of F-algebras. I shall develop 
the basic theory of var ieryee and T-ideals. 

Let F be a commutative ring with unity element 1. Let 
X be a countably infinite set of noncommuting indeterminates. Denote 
by F[X] the free associative F-algebra generated by the set X. 

F[X] is the ring of all polynomials in noncommuting indeterminates 
of X with coefficients in F and O constant term. 

N. Jacobson [9] defines F[X] more generally by not 
requiring F[X] to be associative. Then all algebras satisfying 
x (5X4) ~ (x) %5)%4 are associative, those satisfying X1X5 + XX 
ave Jacopson, alvepras,.and those satisfying [{xjy},z2] 4 [iy,2) .xlct 
riz,.x).vl, where [x,y] = xy ="yx, are Lie algebras. 

The ideai PicjF([X] 1s a T-ideal if torgany F-endomorphism 
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Lemma 1: 0 T, is a T-ideal for A belonging to any index set. 


Pr6ot- 41 = 0 T, i an ideal. Let o be an F-endomorphism 
Ofek Oe aL bows 5 TE oo implies ine T, therefore 
ie oT, and thus T is a T-ideal. 

Given a set A © F[X] we say T<A> is the T-ideal generated 


by” A “if *T<A>""is the Smallest T=ideal™ containing’ A.” Also’ A 


is said to generate T<A>. We also say A is a basis for T<A> and 
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thaw > fe T<A>)\ yteabased! on’ WAY 
T<A> is well defined since T<A>= ,O7 iGtel, at T-ideal 
in a ‘fixed » FLX]; “and? by Lemma 1, T<A>’ is\ ‘a T-ideal. 


Lemma 2: T-ideals have the following properties: 


7) tT < W<A> Sk=-T<A> 


i A, CR implies “1'<A> cc T<B>. 
iad. C CoT<A>~implies: (<C> ©: T<A>4 
ive’ Cacti TkAe; and @AyCUCt implies’: T<A>, = T<€>% 


The proofs of these are obvious; i and ii come from 
the definit#on,: idat foltlows*from ,a_/:and’*di, end div »from 
dae and! / Liie 

Since T<A> is the smallest T-ideal containing A, the 


ideal T<A> is the two-sided ideal generated by 
a Be A, o is an F-endomorphism of F[X]} 
Any element t of tT<A> has the form 
i aC eae gal ObkG 
where 
eee E15 4, mie Cones aaah nec A 
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Every associative ring can be considered as an algebra over 


the integers. Unless otherwise specified any ring shall be an 


associative ring. A ring R, considered as an F-algebra for some F 
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satisfies a polynomial identity f e« F[X] if f f 0 and for any 
homomorphism ¢ : F[X] +R, $(f) = 0. In other words, if 


f = £(x)5+++5x) and: 3 “ot € R_ then f(r) 5+++>r) = 0. We 


pe: 


also say £(R) = 0. If £..is not an identity for R, then 


©) 


£(R) = {£(r),-+--.r) > Tyoree ot, € Rix 

For example, commutative rings satisfy xy - yx and 
nilpotent rings of exponent t_ satisfy XpKo++ Xs 
Lemma 3: Let Ac F[X] be any set of identities. The ring 


FIX]/I<A> satisfies exactly the identities of T<A>. 


Proof: Let p= P(X) 5+++5X)) € T<A>. Let @ be an 
arbitrary homomorphism from F[X] to F[X]/T<A>. We have 
¢(p) = PC$(x,) 59055) 5+++ 608) € T<A>. Since d(x, ) are 
arbitrary elements of F[X]/T<A>, p is an identity for F[X]/T<A>. 

On the other hand, suppose p ¢ T<A>. Let 9 be the 
natural homomorphism of F[X] onto F[X]/T<A>. The kernel of $6 
is T<A>, which implies 0 # ¢(p) = P(o(x,)). Thus’ *p* is not an 
identity for ‘F[X]/T<A>. 

Denote by I(R) the set of all polynomial identities of 
a Ying *R; and *by M1 (A) “the set of all polynomial identities 


satisfied by each member of a class A of F-algebras. 
Lemma 4: Let R be an F-algebra; then I(R) is a T-ideal of F[X]. 
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o(£f) = Tc, 6(0, 7°) - 0-4(8,777) = 0 ; 


SO. 1S an tdentity of Rk and 
T<I(R)> = I(R) 


A variety Vs of F-algebras is the class of all F-algebras 


satisfying a given set S of polynomial identities. 


Lemma 5: The set of all polynomial identities satisfied by every 


member of a variety of F-algebras is a T-ideal in F[X]. 


Proof: Let A _ be the set of all identities of the 
variety V..Let Re V. Then Lemmas 2 and 4 assure us that since 
AecenvCn)y 0 lt cA ee DCR)., Thus: "1<As) Galtn). ~foreal Lek e Ua Uso 
[<a> © A and <A> LS a. i-idéal. 

Lemma 6: There exists a one-to-one correspondence between varieties 
of F-algebras and T-ideals Of) oF TO 

Proof: By Lemma. 3,..distinct, T-ideals yield distinct 


varieties.| By Lemma 5, distinctiwarieties yieldtdistinct T-ideals. 


Lemma 7:; Let. R= I A, where A) are F-algebras and A is an 


index set. Then I(R) = en I(A,). 
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and thus p(t, D> = 0. Therefore p(r,) =O LandaepwerecR). [hus 
OA I(A)) = I(R). 
Unfortunately this lemma does little to help us find the 


identities of a specific ring. Knowing the basis of two T-ideals, 


T and T does not seem to give us a basis for T, nT 


1 ay 1 wa 


Consider the following: 


Ty = T<xyz> 

T, eo SKYY x 
Both ideals are generated by one identity. Let T, = T<(xy-yx)z, 
z(xy-yx)>. By inspection T. é T) n T,- These two identities are 


independent for the ring of matrices 
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satisfies z(xy-yx), but not (xy-yx)z. Similarly the ring 
Re= (tyanspose of ‘yr “>r e ,R} Satisfies the second identity but 
not the first. Thus two blended identities are needed in a generator 


of qT, nN T,- r*cannot snow that qT, n qT, c T,. 


Let A be a class of F-algebras. Define 
SA = {R' : R' < Re A} i.e. the class of subalgebras of algebras 
in A. The class A is S-closed if SA =A. Similarly 
QA = {R' : R' is a homomorphic image of Re A}. The class A 
is Q-closed if QA=A. Define Nag R? {RU} csAh, idahi-dinect 
products of members of A. The. class A is Il-closed if IIA = A. 
The class A is.closed if it is S-, Q- and MI-closed. 

The closure of a class A of F-algebras, denoted by 
c&(A), is the class of all F-algebras obtained from members of 
A by taking a finite number of the operations of taking subalgebras, 
homomorphic images and direct products. Obviously c&(A) is 


closed, -and any closed class containing A also contains c&(A). 


Lemma 8: Let A be aclass of F-algebras. Then the identities 


of QA, SA, TIA and »c&(A) are exactly the identities of A. 


Proof: Let R' be asubalgebra of R, a member of A. 
All elements of R' are also elements of R so must satisfy all 
tdentitiesiof «Ree Thus -1GR').2)I(R) > ICA), and I(SA) > ICA). 
Let R' be a homomorphic image of Re A. Then there is 
a homomorphism, $, from R onto R' such that $(R) = R'. Let 
f be an identity of R. Then £(R) = (0), so (0) = $(£(R)) = £(¢(R)) 


and f£ is an identity for R'. Thus I(R') > I(R) > IA). 


_ 


_ 


twa 
ie - 


~~ 


s \ A hw a 
mix ad3 yOuaiini? .s(ey-x) 160 44d (feeds eoiie 


a 4 bi Brtas sizetage (4 3 ria Be -webgenRERe 
Wie. = 6 wi bebson sve ‘eels bonshr betesld aw eur yen S 


1 9 sen) wot senna 2) ae 


4 : * 
i 
sr list a 2 FA £ } A Le 
iO Ba! , i s8a8 iA 2 # = st ; 
elas f= -—4 4i A séels off 
i] 
tA) B i45 ] fA > 41 3 $ 1 § 25 Ee : 


ays0La~ij ge: -D .-2 ef of 22 beetin BE OD onal. 


¥o usJonsh .agatdeule-7 to A -eapfo. & to aupeeic ear ; 
fa Ras BA ; 


- t ~ - P _ - . 4 7D 
io 6ysdmem aor beniaide eerdegis-1 Lin Jo, genin Se eh We 
‘ : ol 
* nif 
2 ~ rari) pm & alas no na a _ | be . a . Pe 
BS7IS4R16Ce! gh iaas 10 Bro iss I7go Shh) 10 xS agi stii2e s gain 


, 


ai Cp 5 ¥ilasoivdd -2336bG7q Jostih. oes 2ogsiai slat a 
= —— -_ z Ts - 

. s i ¥ « «< © 
-()f9 antenion weds A anintstanni genio bomefo eae bas nel 
- 
4 7 


eetyijeeab? Sit astiT .anrdacsia~i tg etels.&.od f° jad Bas in 


+h Yo aeiddaaeht sa yLigexo ove Chivas te AN che > 


_. * tada6e & .% Fo sadsgicdye ead 'S 932 ‘toot. 
4 ; o i ies: 
bis patins 7 of) a to atasmels oaln sis ' hs ss 


Lav ? ” 77 mis 

7 ae (DE re oon on ae = (aja ‘ = ct . - ry ee e 
ae et oat ett ae ‘- % oan 4 3 aol wind ‘ a os ie 
eons hs aie 1. 


ar ual ants <i) . - j 
up “i — douie 2 eve oF si & ea dite 
eee. i 4 q 


a ie, ni nts OO, ie Oy . ons 2 
| ey he aw 


- ; 
a F 
he a 7 q 


ib Be 
ra 3 aot 


A z 
+” We 


7 


Let {R, } CPA and” "R = : R,. By Lemma 7 
I(R) = " EGR) oe CAN: 

Since A is contained in SA, QA and MTA, the 
identities of each class must be equal. 

Since c&(A) is formed by taking a finite number of 
operations and I(SA) = I(QA) = I(MA) = I(A), then by induction 


I(cR(A)) = ICA). 
Corollary 8: A variety, A, is a closed class. 


Proof: Since QA, SA and WA satisfy the identities 
of A they must be contained in A. Thus A _ is closed. 


The converse of Corollary 8 is more difficult to prove. 


Lemma 9: Given a closed class, M, of F-aligebras then there exists 


R eM such that I(R) = I(M). 


Proof: Index the elements of F[X]\I(M) by A. For 
each Ae A and f, e F[X]\I(M) there is Ry e M_ such that fe 


is not an identity for R,. Let R= ea R,- Since M is Il-closed, 
Re M, 

The ideal I(R) = On I(R,) by Lemma 7. By our 
construction, for any f. € F[X]\I(M), f) ¢ T(R,). Thus 
f, ¢ 9, I(R,) = 1(R). Therefore I(M) > 1(R). But since Re M, 


I(R) > I(M). Thus they are equal. 
Lemma 10: Given a class, A, of F-algebras then cf&(A) = QSTIA. 


Proof: By definition of c&(A), QSIA ¢ ck(A). Note 
that each operation is idempotent: QQA = QA, IIA = MA and 


SSA = A. Thus we need the show that QSIA is Q-, S-, I-closed. 
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By above, QQSITA = QsIIA and QSIIA is Q-closed. 

Let Re QSIIA, and R' be a subalgebra of R. Then there 
exists an R'' « SMA and a homomorphism, o, of R" onto R_ such 
that o(R'") = R. But since o is a homomorphism, the preimage of 
any subalgebra = R is a subalgebra of R"; thus there is M < R" 
Scena wo (M) = OR Gainestack that M <‘R" e€ SIA. and’ "S$. an 
idempotent operation implies Me SIA and o(M) = R' e€ QSIA. Thus 
OsiA is S-closed. 

Now let {R, } © QSIA ‘and be =R. Foreach A, Rive QSIIA 


r 


implies there is R! e« SNA and a homomorphism o, from R! onto R 


nN Xr A Ne 
Further there is Ry e TIA such that ees Ry: TRY e TIA since each 
Rupee, Alsou oR in UR! “since for each Ay. .R" < R. “Thus TRY €: SHA. 
ae Nea vey 


Define o: MR, > MR, such..that..fon.each.”A, (Ry) = o,(R)). Thus 


MR, = 7. o,(R') = o(TIR') € QSIA. Therefore QSIA is II-closed and 
eae va 


c&(A) QSTIA. 


Let Y be a set of noncommuting indeterminates and F[Y] 
the free associative F-algebra generated by Y. Let I bea set in 


F[X]. Then Tol SA7(p) > Dec lsl= sand )< Homer (xX), 8[Y) jit. Let 


ré€ FLY) cand. ome. ) tTit<i>,. Then’ “a= ) t, (t,) where 
teHom(F[X] , FLY ]) iel 
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{(i,j,k)} = A is finite. Consider A as an index set for Xc X, 


)  Teexset 


Lo ee eg GL) 


where the cardinality of A and Co are the same. Let o ¢€ Hom(F[X], 


FLY) such that. 0.1: oan eeu de for x, € Xo. and. 6 ¢ ra for 
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x, € X\K,. Since t, € T<I>, } th Ce, Take 


oi) LGELANG ee eg eee eee Oe See Be 
9 faite Sa pat Be ‘igae pent bias 


to 6 T+L>) and xt fie So. fh = a(t) € Ty<??, rm = o(x t.) € 


Ty <I> and -m = od a € Ty<P>. So Ty <1? isan idéal. Further if 


TLD). € Ty<t> and o is an endomorphism of F[Y], then since 


ot € Hom(F[X] ,F[Y]), ot(p) « Ty<I>. So Ty <I> is a T-ideal and we 
shall say that I generates Ty<t?. 

The I-free F-alegebras are F[Y]/T, <i> where Y is an 
arbitrary set. 

If Y is countable then one can let +7 be fixed as the 
canonical homomorphism taking xr? ye until Y is exhausted, and 
EheerestiofteX ato 10e | Thatiis) Ty <I> TSsisinplypenki<i>)e Thistas 


possible, since to any endomorphism o of FLX] there corresponds an 


2 endomorphism o' of F[X]_ such that 


F[X] Pak Xe 
af i ot' = ot, and the diagram commutes. Then for 

e preotsiz) noik(p)reTsie; Fsonot(p)!= aatkp) Ty<I>, 
F[X] ni | 


and Ty <I> is a T=ideal, 


Peeoren: 1s Let R_ be an F-algebra satisfying a polynomial identity. 
Let I be the identities of R. Then c&(R) contains all I-free 
F-algebras. 

Proof: Let Y be an arbitrary set of noncommuting 
indeterminantes. Then F([Y]/T, <I> is an I-free F-algebra. 


Let = I R_ where R_=R. Then Ry é chiC(R), 
" ceHom(F[Y].R) ~ : 


Define T: F{Y)/1T, <I> Sa Ry by 


t(£(y)+T, <I>) = TLo<t(y)o, where f(yt cakii Ye 
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TePPity) ce: tio. then there exists ~y <¢ hom( F(X] ,FIY]) and- ¢g <4T<I> 


Y 
such that y(g(x)) = f(y). Hence o(f(y)) = oy(e(x)) = 0, since oy 
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is a homomorphism from F[X] tto R. Thus (£(y)+T, <I>) = 0. 
LEeer ty) ¢ Ty<t?, then there exists o € Hom(F[Y],R) such 
that o(f(y)) #0. Thus T(E (y) +1, <I>) F°OUNMand kernel, of Ts" (0). 
Thus t is one-to-one and F[Y]/T, <I> is isomorphic to a 


subalgebra of T So it, too, is a member of c&(R) and c2&(R) 


y° 
contains all I-free F-algebras. 

Lemma 12: Let I be a set of identities. Let A be the class of 
all I-free F-algebras. Then c&(A) > v3 the variety of F-algebras 
satisfying the identities of I. 

Proot 3/'s Let? Ave Vi. For some set Y of noncommuting 
indeterminates and the free F-algebra, F[Y], generated by Y, there 
exists a homomorphism y : F[Y] > A such that yw is onto A and the 
kernel of ~ is N. Form the T-ideal Ty<t> in F{Y] generated by 
ibe. chen PLY] /T,<1> is an I-free F-algebra and thus in A. 

Let wu be the canonical homomorphism from F[Y] onto 
F[Y]/T,<I>. Let pe Ty <I>. Them theresexists (pace T<L> “and 
TecmHomebl <|erly)) such that) pe] Tp") and (p)) = ait(p!) 8 
But wut € Hom(F[X],A), so wut(p') = 0 = uCp) and Ty <I> EON. 

Thus there exists $4: ELYI/Tysle + A so that for 
f(y) « FIY], $(£(y)+T,<I>) = pi(y) and g(u(f£(y)) = CE). 

Therefore A is a homomorphic image of an I-free 
F-algebra and A c&(A) and & CRCA). 

Theorem 13: The closed classes of F-algebras are exactly the 


varieties of F-algebras: i.e., M is a variety if and only if M 


a 
= eg A 0 A 

dong “ieee ngB: a: el ees paiey | 

an > te towaast bes Dix cement ent aie 8, 

& oF oisigvomoz et 1 Vine ine erage at ti re 5 
(HY35 Bae (AjRo toa diinom i: pone! yt ad “oo she 


sedegle-T -sey9-2 te 


to -eesin SI Sa A: 3a ; .2otiEensbt to 3924 od. Tt it ot 


gaxdegic-t io Wsizay srs «1 = €A)ap OST ; Lasxbtig biel 

| 1 io sheraept sige 
ealjeumanog in, Y¥' Jee moe 15% 4¥ 2 A> aon Pee | 
asefs .¥Y vd beds shag’ aes ,Stdogis-T sav? ara babies 
sity bee A otnotel (¢ - Ae fsa. A)+ {ya <9 eesrigsonemer 7 
v@ bsseisnig PXTD ont si>,T tashrt ett mot .W ak ais | 
JA nb -GiHy hoe wp dbgnesT savin bh om aye Neat 

oane. [2]t maak metiquogoned isufaanss sii ad 4, a | 

bak <I>7 si'e piphte Brode"yegtt agi > 4 + a 
fart = Mali bis ('g)> = 9 as | r 

+ <i>y0 bre (yd ='0 = {'4)sy oe yhba ik bey 

ret duit oe) Aye <IoT\¥Ia 3, 6 Pymene arene “te 
OOM = ORUDY bra Gey A YRRGOTI 

Sex84T (ak Bo ognuit, adrigyomuaods. at A ae 
13.50 i Be od al 


Sips nace seamed dell 


W 4) Mimo Sms 2 Qotrev es et M Sat ent lig 7 


Me 


t<- 4 


iy joie 7 


di. 


is a closed class of F-algebras. 

Proof: A variety is closed by Corollary 8. 

Let M be a closed class of F-algebras, then c&(M) = M. 
Lemma 9 says there exists R« M such that I(R) = I(M). 

Let A be the class of all I(M)-free F-algebras. Then 
by Theorem 11, Ac c&(R) ¢ c&(M) = M. 

Let V_ be the variety of F-algebras satisfying I(M). By 
Lemma 12 Vc c&(A) ¢ cX(M) = M. Certainly any algebra in M 


Satisfiess 1(M):6 so. Mic V cand. M = V. 


Lemma 14: Let M, be varieties of F-algebras for F fixed and A 
element of some indexing set. Then pM, rsa “yarvety’. 

Proof: Let N= ‘ M, Then for -all Vo e@GN)¢ ne 
since M. is a variety and thus by Theorem 13 is a closed class. 


Thus cf&(N) c 4 M, = N and N is a closed class of 
F-algebras and by Theorem 13 is a variety. 

One can construct the lattice of varieties of F-algebras 
by using intersection and the closure of union. Similarly, one 
can construct the lattice of T-ideals in F[X] by using intersections 


and the T-ideal generated by the union of T-ideals. 


Theorem 15: There is an isomorphism between the dual of the lattice 


of varieties of F-algebras and the lattice of T-ideals of F[X]. 
Proof: Let M, and M, be two varieties of F-algebras, 


and qT, and T, be the T-ideals of their identities respectively. 


Let T. be the identities of the class M, U M,- Certainly 
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T) n T, ¢ T,. By Lemma 9, there exist R, ¢€ M, such that I(R,) = T, > 


5 i 
f f= 2 = 
or or Thus T, = I(R,) n T(R,) qT) n Ty» and 

T, = T, n T, which by Lemma 8 is equal to the identities of 
ch (M, U M,) 

Let T, be the identities of My a M, For all 
Ree MA nuMich L(Reocks UTT.. But I(R) is a T-ideal so 

1 2 ui 2 

LER) 2 T<T, U Ty? Therefore Ty > T<T, U T,>. 

NOW gel leagUe eet hor, Ste ee og v2 et hys 

1 2 ph 

R= F[X]/T<T, U T,- € QM, fe M, and So, R « M, n M, But 
I(R) = T<T, U T,? so qT, e T<T) U T,? and qT, = T<T, U T,?- 


Therefore there exists an isomorphism between the dual of the 


lattice of varieties of F-algebras and the lattice of T-ideals of 


F[X]. 
Let T,+T, = {t,+t, : ty e T) and t. € T, J where T) 
and T, are T-ideals of F[X]. 
Lemma 16: i on T,+T,. Further if Pe een 
T, = T<B>, then T,tT, = T<A U B>. 


Proof: «Since 0 « Ty and Oe To» qT) U T, S Tt+T, + 


{De ob is an ideal. Let o be any F-endomorphism of F[X], and 
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AUBC Ty U Ty c T,+T,- Let tj tt, € T)tT,; where 


ty € Ty and t, € T,- Then ty is based on A_ and t, is based 


on OB °So tj tt. is based on AUB. But tj tt, was arbitrary 


so T,tT, <¢ T<A u B> and by Lemma 2, T,+T, = T<A u B>, 


A T-ideal T is finitely-based if there exists a finite 


set A which generates T. 
Corollary 16: If qT, and T, are finitely based T-ideals in 


F(X], then T,+T, is finitely based. 
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CHAPTER IT 


PRODUCT VARIETIES 


We have spoken of intersection and union of varieties. 
We can also take a product of varieties. Let M and N_ be two 
varieties of F-algebras. Then the product M*N is the class of 
F-algebras which are the extensions of an algebra in M by an 
algebra in N. The algebra R« M*N means there exists an ideal 
Moin R so that Me M and R/Me N. Since the! trivial algebra 


is in any variety,both M and N are contained in M&N, 
Lemma 17: M*N is a variety. 


Proof: We must show M*N is closed. Let Re Q(M&N); 
then there is an R' « M*N so that R= R'/D for some ideal D 
in R'. But if R' «€ M*N, then there exists an ideal M of R' 
so that MeM and R'/Me N. Both M and D ideals means 
MHD is an ideal. MtD contains M so _ R'/(MtD) © (R'/M)XMtD/M). 
Thus R'/(M+tD) is a homomorphic image of R'/M, so. R'/(MtD) 
is also in N. Further, (DtM)/D ~ M/(D nM), so (DtM)/D is a 
homomorphic image of M and thus in M. But then R= R'/D e MAN, 
Thus Q(M*N) < M&N and M&*N is Q-closed. 

Let Re S(M*N). Then there is an R' e€ M*N_ So that 
R < R'. There exists an ideal M of R' so that R'/M « N and 
MeM. MnaR is an ideal of R, and MnR is a subalgebra of 
M soit is in M. Further, R/(Mn R) % (MR)/M a subalgebra 


of R'/M, so it is in N. Thus R«€ M&N and M*N is S-closed. 


Pa ae 


9 ry ey 
cai is fix 41 
i 
r ‘ 
asljsty to stoi ; } 12 sven SW 
owt 6d WU bos gsi .2ecfisitas to touhead = sted cele Sew 
‘ - . 
- / * An p -? > 4 i = 
10 2e6is Sao Sf wee Jauborg 8n3a don .26%dSelar 2 20 Bel7ae 
——— we i a j 
iy j sixes stid san 3 = 
i 4 
i 4 3 Foe. Me i‘ RB 
sdoyls Le 3 SZ : ga 
‘) > > | a“? Fae | ><. a | 
‘ > ar Pere 
7 ; 
.tseigev & ot’ VS 
rN . 44 - tT 
(PRs 23 39.1 BaeHoio- ai \ vote 3Jsun.2 ‘joaord 
: 
4 a < ‘ 
a fesbiomoe tot G\'A =H nd} at VOR » “A ge Sk BF 
ig ce a ‘ at <a : = tay +3 
"* Fe BM ‘Peebds ry teixne o13d) oes . WA 2 ‘A 863 oe le 


énéem elashi, C Bie M dace .U a MVE - bes he amy 


ORGAN "Ay > (Get) \"R oc HU antetaos a ed pabt as o ay ? 
my & iy _ 


. (Qe oe fi\ "a 25 23 Hort Siig yoMOmeR s et (sa aut 
: “KR et rh Geet) ve «AM fe) \M iS ay (M40) ,tsdaw a as iat im ab 
‘ oF 
7 i i . 
‘ 7 oa - : 
on ie a d's “ . natty in “mM nk Soild bikin ~ ko canal ott ae 
on 7 : j 
= 


7 we Fa ; s x shegoto~D et ws fas sh - - wainp 
i eget > 


a p : i” ‘ um f 
V6 anita o# vs 7) * "As ne : Bie <i as tod 
: “5 is > 


a * le a ‘ti te is ’ 
| Rew ly co hi a hs ip 
7 seers avaminanad ei a va bas a tal 
: i. t4a : oe 
oa 8 Se na) ao om ae A 

St i a ih 


_ 
we 
. Py 


15 


Let Ree II(M*N). Then R=R. where Ry €e M*N- for 


Nore 
anliexe2 ThentforSablownk,vethere tsoan‘ideal M, of Ry so that 
N : 
R,/M, € and M, e M. Then : R,/M, e N- and : MeN. But 
WEE, (Me) es B Robe and thus M = : M, is an ideal of: ~.R and 


R/Me N and Me M. So Re M4N and M&N is I-closed,so it 
is a variety. 


i 2 


(uae {t(f,,---sf) >t= t(s)5-+--58)) eT, and f, € T,}>. 


Let. T and T, be T-ideals of F[X]. Then T(t) = 


Lemma 18: The T-ideal of the variety M*N is TACT). 


Proot:, Let Re MN. We shall show that R satisfies 


TCT) - Let ge Fe gate of TCT) coe = br -»f ) where 


be: 
Gye Ty and f. € Tape i = hee. FUR) Is t(£,(R),.--,f, (R)). Also 
there is an ideal M ‘of R so that R/MeN and Me M. f, is 
an identity of R/M, so £ (8) eM aS OUR) cee CUtd Lt 
1eran identity of M, so, £(M) =\0., Thus <e" is an identity of 

R, but since g was an arbitrary element of a basis of TCT) » 


R must satisfy all the identities of Tp: So TCT) = TaN 


Now let R_ satisfy the identities of TyOTy) + Let 


<< 
1 


= fey £(R) Vand let @ and By © M3) n= f(r) 5+++54)) and 


y= B(r pote ln? where f£ and ge Ty. Since Ty isan 
ideal, ft+g = (f+g) (x, .-+-+>% 1) e Ty and thus » WEY se Me Similarly 
for -vp and rp where re R. Thus M is an ideal. Obviously 
R/M e N and since R_ satisfies Ty(Ty) » M must satisfy Ty and 


thus Me M. Thus Re M*N and Tes Ty (Ty) and so are equal. 


Unfortunately Lemma 18 does not give us a method of finding 
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the identities of an F-algebra. Let R be an F-algebra and M 
an ideal of R. Suppose we know that the identities of M and 


R/M are T, and T, respectively and further that M= an £CR}:. 


Then by Lemma 18 we know that R is in the variety Vx, cor- 
responding to T) (T,). In general, however, T, (7) # I(R). 


Consider the following ring of matrices: 


0 ay a, 0 
Or) a, 0 
R = fem, a,,..2, © POL, vehnar 0 
0 0 0 0 Zs 2 3 4 
OF a) 0 ay 
Let M be the ideal with ay = a, = a, = 0. 
I(R/M) = T <xy-yx> = T, 
LGM) s tieelasxy> us Ty 


By straightforward computation we find xyz - zxy to 


be an identity “of “R.-~ Also 


a a 
1 2 
1 ° 
Bie OCs 2 )aytitywiay> ty = 8 


6 ieee 
with the ideal N = & 2) is in the variety V*U,. R' does 


not satisfy xyz - zxy and thus xyz - zxy ¢ TCT.) Thus 
Te). 
T,(T,) # I(R), although I(R) > T, ¢ ») 
The product of varieties unfortunately is non-associative 


as the following shows. 
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Lemma 19: Mi e(MS eM) CM, *M,) *M, where M, M, and M, are 


varieties of F-algebras. 

Proof ..4 Let * "Rte M&M, *M.) Then there exists an ideal 
Mo" Of® RY such that” RYM"e M,*M., and Me M,. Since R/M « M, *M 3 
there exists an ideal N of R/M such that (R/M)/N e M., and 
Ne M). But N an ideal of R/M means there exists an ideal 
K of R so that N=K/M. Now K/M=Ne M, and Me My means 
Kee M, *M, . Further K<IR and R/K Z (R/M)/(K/M) e M., means 
Rie (M, *M,) *M., which proves the lemma. 


This lemma can be restated in terms of T-ideals: 


Corollary 19: T(T,(T,)) 2 [T, (1,) 1T, for Ty» Ty» T, arbitrary 


T-ideals of F[X]. 
Theorem 20: (Gavrilov [6]) The multiplication of varieties of 


associative F-algebras is non-associative. 


Proof: Let M be the variety of commutative F-algebras 
and N the variety of F-algebras with null product, where F is 
of characteristic,.0., Using {commutator notation,» ise., 

[a,b] = ab-ba, we have Tye T<[x, »X5]? and Ty = T<x,x,>. 


Obviously T(t) 2 T<[x)X, 2X3, ]>- Let T) = TCT CT) , 


then the identity O(% 2X9 0+++ 5X goVy Vo) = [[x) x5 »X4x,]¥) Vo [%oX_ 5x7%Q)] 


isan ¢ ol 3. 
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We shall show there exists a Ge (M*M)*N which does not 
satisfy the identity ¢ and thus G ¢ M*(M&N). 


Let G be the Grassman algebra of alternating multilinear 


forms on a free F-module of rank 14. An alternating form of degree 
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mn is a function from” *V 1X "VX" gad xX -V* "e690 °F 4 "such that 


£(X)5+++ 5X 22x) 8. ox") = Cie aii Fipabire Sob ey ssa Then 


ys n 


a 47% 3 
G = MwG@)...@ra4cny, the module direct sum; where at) is 
acting on vi and is also an F-module. 

Multiplication in a Grassman algebra has two important 
properties: 


Letting “a_*e AT(V) and ae Ae) then 


2 
Cl ava san 1)\ 1a 


(ZF a ae ik CV)” -and “thus ajay = Oat rr Sie ae 


Let w= (M@NMG)...@a*c ana 
N = rv) @akcvy OrmM@r?m@...@a*w. By property 


(2) we see that N is an ideal of M which is an ideal of G. 
Again by property (2) G/M is null. 

Using both properties we can show that both N_ and 
M/N are members of M. Since G is a direct sum of F-modules 
we need only show it for elements of the summands. Let 
€ A°(v) ii Mott ror Ss “ie even, then 


B-6E A*(V) Me sand. a 


uf 75 
[a,,a,] =.0).) Sf both <r and “Ss —are- odd, then), rts is even. 
Both r and s are greater or equal to 3 and so rts is even 
and greater or equal to an Thus [a,,a,] € N and M/N is 
commutative. Similarly we can show N is commutative. Thus 
Me (M&M) and Ge (M*M)&N. 

On the other hand, by making the following substitution 
in o we shall show o(a,) 7 0. 


2 a 
Let 0O # a, € G and A, 143545,a, € KACV)S a, € A (V) 
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otherwise. We have (a, »+++ sa) = [la,a,,a,a,Ja),a,,la,a, ,azag]]. 


are elements of WV). Thus 


Now a,» a34) > apa and a, a, 

[a,a,,a,a, ] = 2a,a,4,a/, #0 and in n° cy). Also 

[a,a,>a,a, Ja, = 2a,a,4,4,aq € A’ (v). Similarity a,olasa, aa] € 
A’) and is Hor ZeCO EO o(a,) = 8a) a, 434,494) 945 a¢a 7a, #0 and 


in at (yy GsG.) lus Geaas not. in M*(M*N) and multiplication 


of varieties is not-associative. 
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CHAPTER ITI 


IDENTITIES AND FINITE BASIS THEOREMS 


Now we shall examine the identities themselves. Any 
polynomial f e« F[X] is a unique linear combination of monomials 
in the noncommuting indeterminates in X. The monomials with 
nonzero coefficients in this expression are called the monomials 
of f. A monomial is of degree d, in x, ss 9 x, occurs d, 
times in that monomial; f is of degree d. RE WES e pea 
d, = max {degree in x, of each monomial of te 

The polynomial f is homogeneous in Xx. ef tak 
monomials of f have the same degree in x5 f is completely 
homogeneous if f is homogeneous in every Xx Gatiieer: blended 
ys So if xX, appears in every monomial of f; f is blended 
if it is blended in each x. which occurs in f. The polynomial 
Por is ol inear. in Xs if each monomial is of degree one in X55 
fis multhlinear ?#f tt 1s linear in every x which occurs in 


ji 


Lemma 21: Let R_ be an F-algebra with a polynomial identity f. 


Then f = ) f ,where each fy is blended and an identity for R. 
a 


Proof: Let x be a variable occuring in’ f. f(x) = 


fit » Where f is blended in x and f, is of degree O in x. 


Z i 


Then £(0) = O+f., and so f, & LQ). But f-f. = f, Ga LCR) 
also. Repeat process on each new identity and for each variable 


until all new identities are blended. 


= I= 


er tase BR nt stanntiexs seta yest 
aL stmonet ‘sila’ bettss 35 si aida one 
jb eens x Ud ab) seyabb 3 ath 
tt ae mk yb Sengab Yo at 2 situate tabaci 
£3 > 20 tatiooriom fines 30 yt - raraeb) sin 6 F 
ite Ji | nk siganagono at 1 Laiaonyloq ort 
‘leveigios gt 2 2,x mi ssxgeb smiaGdd-apped 2 fos 
bebuetd + {450 pe Mxeve) ne snosasgzotod ai. & “be 
‘roi 4 f 
bebesid et % .{1 20 [simonon y19ve pl einpage * a ‘-s 
isimecylog ab 2) ot stucen dotdy & foos at bebaetd: a. 
fykt “BE eno Sérgeb to ak Isimanom dpwa Yt na ch age alt 
st wiusse siokdw x a 


<F 


s. - 
a ethaihtle sataietigx ase xsasgea na ver 118 
A. od qubwnebh wn bas Bebosid af 4 fot at DO 7 
GY 2 ab gotinios oldatsey 6 sd x) a90 anion aa 

= ct 0 séigeh te 2b gi ene ah petit ey 
COL» jt* s owe HE > 8 om fame, +0 a po 
pone Hers ae eee 


- 
Z 


7a 


Thus each polynomial identity is based on blended identities; 


and in terms of T-ideals we have: 


Corollary 21: A T-ideal is based on its blended polynomials. 


mon 


The degree of f is max { ) degree in Xx of each 
i 
omial of f}. 


Theorem 22: (Kaplansky [11]) Any ring satisfying a polynomial 


identity «uf» cof udegree uod,-esatisfies ja multilinearvidentity,» gorof 


eegueeie<taan with coefficients from the. set of coefficients in £f. 


Proof: “Ihe ring Ris an F=-algebfa for some ring F. 


By Lemma 21 we can assume f is blended. Assume that the degree 


of E(x) 5X5 9+++ 5%) in x, is greater than one. Define 
= sm + 
fi E(y tY5 >%o> x) substitute Ya V5 for x 
fi = £(¥) »X9+++ 9X) substitute Ya for x 
f, = ECV Xo 00-29%) substitute Y5 for x: 
Let g= ep) = B(Y 2Yq2Xo r++ o%)> Consider any monomial 
m@ Or *f Fsucn*tiac degree,’ d, ‘ol mm ain x is greater than one. 
n = cm X,m)X ++ +X) My where m, =" or a prodtet-of—variables.all 
distinct from Xi F One F. The substitution of Yt, for x) 
gives us 
rere + 
em (y,ty,)m, (vy, +7») (y,ty,)m, 
ie ) em Ys (14402) °° Facay™a * 
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Thus fio has monomials in which both Vy and Yo: occur 


and so must g. Thus g 
a2 in which oe does not occur 
Or *2.- "Thus 


a eg Pa er 


Boe etoile LF is blended in x 

g is blended in all variables and 
among those of f. The degree of 

by this substitution, so degree g 
variable than f. 


LE lag 


‘> nontrivial. 


Ee lp 


Further all monomials in 
are exactly those of oe 1% Si, 
g is blended in 4 and Yo: 


so g is blended in Xs Thus 


the coetficientspo | joscare 


i and 2 is not increased 


ie2 g 


g, however, has one more 


is not multilinear, repeat process on a variable 


of degree greater than one until the number of variables is equal 


to the degree of the derived polynomial. 


identity. 


This must be a multilinear 


If at each step a variable is chosen which occurs at 


least twice in a monomial of degree 


of degree d is obtained. 


d, then a multilinear identity 


If the process of Theorem 22 is applied to a variable, 


Say x, of a polynomial £, and to all variables replacing x 


until they are all linear we shall say x 


Theorem 23: Let F be a field and 


in F[X] 


which is homogeneous in some variable, say x) 


is linearized. 


E(x) 5+++ 5%) be a polynomial 


of degree 


depihLetd gy be the polynomial derived from rie by the linearization 


or se. ylt, x is subtituted for 
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Proof: Inductively define 
fad = ECW yp eV pote Vy gore eX) 
+. £ Ce oY yore Vy Xp ores o®) 


> ECV ip pop ores Vy eX yore 9%) 


as in Theorem 22 for i < d-2, f=f. 
Let f. = g,th,, where 8; contains all the monomials of 


degree d-i in x) and is linear in Ypres oq: since, £7) is 


homogeneous in X15 f = fy = &,° Note that f > g. and h, are 
functions of Kp oVporrs Vy oXgoree oX- Also fs is based on ie 
forgalbsyyi. 

I shall show that B54 Sp oV yo Vy Xp oR yore ok ) = 
Cd-4) 85 (8) Vy oe es Vy oR ores oX) and thus g = Bq (Spor oR og 00+ 2X) 
= ie ae a 


Let nm, be any monomial of Bi47° Thus nm, has 


ict: |: 


degree d-(it+l) in X° Let it come from monomial m, Ofer 
Suppose m, is of degree d-(itl) in x1: Then m = ™44 and 


thus was eliminated from fai: Thus m, is-of degree. d-i. “in 


x) and is a monomial of 85° Li thissiswso, Si44 must be linear 


in Year Further each monomial of 85 is replaced by one monomial 
i 


for each place y, cam occur. Thus each monomial of 8; is 
replaced by d-i monomials in Si44° Replacing Yaad by x) gives 


Bi 0% oY poe Vg Xp o¥ a 008s Mp) = (di) 8. (4) Vy 0+ Vy oXyor es Xe 
The degree of YA, ye <2 i doe nge differ in 85 and 
Bs4,2 nor does the degree of af j3 #1. Thus (XK, 9+ ++ 5X) oXq0+++ 9X) 


i ' ; 
= di f(x) ,X55+++5X)). 


> oir > § fs 
; 
; * 
- te t [ ' rf 
me + eoMe ee } =) 
fe. i —s 
4 i 
a 
e~ ~ a | = 
7 . , Lom = 
; ne 
: i 
i] 
in a 4 ee t - 
| : = T 1 
= _—— > o is | 
2 Ld oye; 
é I £ 
=| “i ‘ > f h, - j f rey 
pr + 4 
( = ¥. x oa >. 2uca: bre x -. : 
te or tegBe phe se pe a ano: OAS eed + ae ty 5 Ee j 
+4 
= pola! 2un pie tf) é 4 YtE a} et al 
43. Fo 2. Le taronent moti sums Jf ded 1% gi 
3 + i 
me 1 = sur: tr (7+5)-—b) S4avesh Ta 
Per L+t z ° J Ny Wiees ee 
— i > 
at I-b Ssigsb To e: .@ «curt .,..2 cs Berens 
£ iG ye 
: a jo 
taanit od Fite te .C2 at sips I) ..9.' Io ieitmenke a RE hin 
; rt b ve 
. - —— ets Ag a . ae « a . 
fniasace one (id Heselds1 =i 3 in Lsimonam dose retitguT . 
. 7 i a 
. = 


r 
a 2 2 to tatgnaba ‘eas suit *suDod BED ie 
eke p= ort gk ahtonngea “ts a? nt Eiatmondm 6 
iv Wk AY “ i 
A aes anyon ney oh tae Fit er ssi eg 


. it . i aaa! 
bre # nt 1a}? th son gooh a ee oo $0 ‘andieas 


7 TW 
ft iets sits 


24 


If the characteristic of F is 0 or greater than d, then 
d: is invertible in F and f is based on g. 

Suppose f is not homogeneous. Then &, is based on 
B41 which is based on f. So f-g , = ho is also based on f, and 
the process of Theshen 23 can be applied to hy and Xy> and reapplied 
as many times as necessary. Let f = ) f. » where each f. is 
homogeneous of degree i in Xp: Then ante fs is based on 85 


in which x is linearized, and each 85 is based on f. 
Theorem 23 can then be applied to the other variables to 


give the following corollary. 


Corollary 23% “Let F(x) 5+++ 5X) be any polynomial such that the 
characteristic of the field F is zero or greater than max {td}. 


Then T<f> is based on multilinear identities, each based on f. 


Theorem 24: Let f£ be a polynomial of degree ds; n= [S}+1. 
BetOcRe beta ringisuchythat ino coeffecientaofse: fevannthitatesieka ; 


then (R) > ther nx<in matrix’ ringsovery Rs doest¢notisatisfyerte 


Proof: By Theorem 18, if f is an identity of (R) then 
there is a multilinear identity g of degree d or less with 


coefficients from those of f. Then g can be written as 


eee + Rk » \wherev,o tis a permutationio£ the 
mata) thd care) o(d) P 


d variables and c RS 7 0. 
There exist poresoty € R so that Cyhyeeeky 7 0. 
Substitute the matrices EW os oe for x1 


: ‘ i e 1f. d is even and r.e 
respectively, ending with TG aoten dn,n 


d is odd; where e, j are’ matrix units. 
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Then CpXyreeXy = tee aipe #0 but for any other 
permutation of these matrix units their product will be 0. 


SUS og)" Coy 


l SSUES es #0 and f cannot be an identity 


for (R) 

The hypothesis of this theorem could be weakened as long 
as a multilinear identity is obtained so that ec is a coefficient 
of some monomial in that multilinear identity and Aes #0. The 
hypothesis could be: Let R _ be a ring such that for some coefficient 
c of f so that the degree of some variable of that monomial is 
maximum, c does not annihilate Re. But even this hypothesis is 
too strong. 


There is a very important corollary to this theorem. 


Corollary 24: There does not exist a universal identity for all 


matrix algebras over an algebra with unity. 


Theorem 25: (Kaplansky [11]) Let R_ be an algebra over a field 
F with at least ntl elements, satisfying an identity of degree 
nt most. ay "inleech ofvits sm indeterminates. “ihen yf = ) fi 
where each fh is completely homogeneous and R_ satisfies each 
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Construct the determinant of coefficients cr This isa 
Vandermonde determinant in Cypress ect, and thus not zero. 


This system of equations is solvable and each f is an 


identity for R. Repeat for each nonhomogeneous variable. 


Lemma 26: (Kaplansky [11]) If an algebra A _ satisfies a 
polynomial identity, then it satisfies a polynomial identity in 


two variables. 


Proot*) beer! = £(x,5+++5%,) be a polynomial identity 
having more than one variable. For Xs substitute yz where 


y and z are noncommuting variables. 
Z n 
GUN 2 ae ECV eV Zale eye 2) 


Peet “has only one -varlable, substitute. yz “for that) wariable. 


The next few theorems pertain to F-algebras where F is 


a field of characteristic 0. 


Theorem 27: Any T-ideal in F[X}, where F is a field of 


characteristic 0, is based on its multilinear identities. 


Proof: By Corollary 23,each polynomial is based on 


multilinear identities. Thus any T-ideal is based on multilinear 
identities. 


Since each identity is based on a finite number of completely 
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homogeneous identities, and each completely homogeneous identity on 


one multilinear identity, we have the following important corollary: 


Corollary 27: If a T-ideal of F[X], where F is of characteristic 
0, is finitely based, then it is finitely based on multilinear 


identities. 


Theorem 28: Let F be a field of characteristic 0, qT) and qT, 


be finitely based T-ideals in F[X]. Then there exists a finite 


basis for T,(T,)- 


Proofy eby Coroldarnye2] + qT, has a finite basis of 


MmoLel linear identities, call it. A. Let B be a’ finite basis 
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x) and x, are variables not appearing in g}. 
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E = th(t,,-++-»t)) : h(x, 5+++ 5%) € T)> 5 
By definition T<E> = T, (T,). 
We shall show E <¢ T<D> and D« T<C> and thus by 
Lemma 2, T<E>/= T<C> . 
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Repeat process on torre at for each polynomial within the summation 
sign. 

Remembering that each variable in a polynomial in the 
generator can be replaced by any polynomial in F[X] and then the 
polynomials can be summed, we see that de T<C>. Thus D c T<C> 
and since Cc D, it must be that T<D> = T<C>. So we have 
T,(T,) = T<E> = T<D> = T<C>. 

Further, we see that given bases for T) and T, in 
F[X], where F is of characteristic Doda basis .0r T,(T,) can 
be computed. For example, in Theorem 20, Ty (Ty) = T<[x,X,%,x,]>; 


since the extra variables can be absorbed by X1> Xo» x, or xX). 
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We have other criteria for a finite basis. 


ieorem 29> ().E.: Cohen [4]) Any T-ideal containing [x;y] is 
finitely generated. 


The standard identity on mn variables denoted as Sa 


or [x,--+x)] is the multilinear identity: 
O 
PCT Teh, cone ae 
ceP o(1) o(n) 
n 
where Po is the permutation group on n- objects and (ei) is 
eduaivto «-l ,or 1) 4i 0 is an odd or evenypermutation respectively. 


In some sense, the standard identity is a generalization of the 
commutative identity. 


We have the further criterion. 


Theorem 30: (V.N. Latychev [12]) Any T-ideal containing Si, is 


finitely generated. 
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CHAPTER IV 


SOME SPECIFIC RESULTS 


We have a few specific results which may help us in 


computing identities of a ring. 


Lemma 31: An F-algebra, R, where F is a field of characteristic 
0, which satisfies a polynomial identity is either nil or satisfies 


a polynomial in T<xy-yx>. 


Proof: By Theorem 22, R_ satisfies a multilinear identity 
of degree d: say E(x) 9 +++ 9X4) = - Coy o@) satay? where 
c, are in F and not all are zero, and o varies over the per- 


mutations of d objects. 


Set re See x P= cx. oThen 
d 
ECE ek ) Cox 
fe) 


ae a ; , d 
rt ) ‘ is not zero, then it is invertible in F and x = 0. 


Oo 
This~, Ro isendi leot exponent diy tt ) oe 0, then let us look at 
Oo 


L CB ec where T = T<xy-yx>. We know that F[X]/T<xy-yx> 


i i Rie +T = AK ie 0+ 

is commutative. So ) oc acu T L Cox] Xa di O+T and 
thse dsoad nee iT. 

Theorem 32: An F-algebra of finite dimension, n, over F satisfies 
the standard identity on ntl variables. 


Proof: We need only prove it for the n elements of 


a basis. A Standard identity is zero if any two variables are the 
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same. There are, however, only n elements of the basis to substitute 
for the n+l variables, and thus two of them must be the same. 

My original problem was to find the identities of a certain 
ring. This is very difficult and in general impossible. Amitsur 
and Levitzki have worked on complete matrix rings with partial 


results. 


Theorem 33: (Amitsur and Levitzki [3]) An nxn matrix ring over 


a commutative ring, satisfies the standard identity on 2n variables. 


For a nice proof see Swan [13]. 
Let us take the simple case of ME Heing*atfield ‘of 


characteristic O and eS. rhesu™ 7 Matrix ringvever et . 


Theorem 34: (Amitsur and Levitzki [3]) If es satisfies 
a multilinegdmaden tity *£ jofedegreé’ Zn, ‘thené "f=" So? where 


arte: (FE. 


Further, we know by Theorem 24 that yee does not 
satisfy a polynomial identity of degree less than 2n. It has 
been known for some time that VeReR as is a polynomial identity 
for 2x2 matrices (Herstein [8], p. 153). More recently, 
Formanek [5] has generalized this identity for n xn _ matrices. 
These are very complicated identities but they seem to show that 
the standard identity on 2n variables does not generate the 
T-ideal of identities of Byes 
Lemma 35: Let p and q_ be any polynomials and x,y,z variables. 
Then px[y,z]q = p[x,y]zqtply,xz]q. 


The proof is by direct computation. 
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Lemma 36: Let qT, = T<x)+-+X)? and T, = T<({x,yl>, Pthen 


Pagan? toy! eatge 


T,(T,) = T<[x) Xo] [x4 5x,] ware 4/ 
Proof: By Theorem 28, T, (T,) is based on 


€ 


ul n-l 
C= {[x, x ly, [x €, = 0 or lf}. 
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By repeated application of Lemma 35 we find that each element of 
CG is i hae 

s in 3 
We do have a very few tools for finding identities for 


F-algebras where F is of characteristic 0. 


Lemma 37: Let f£ be an identity such that each monomial is of 
degree at least’ d, and g an identity. of degree less than. d. 


Then g is not based on f. 


Proof: Certainly addition and subtraction does not 
decrease the degrees of the monomials. Also the image of a 
monomial under an endomorphism of F[X] would be either zero 
om Of ereatern sor, equal degree. So:\:g \is: not based ony if. 

One can look at identities of subrings and see if these 
hold for the whole ring. If an ideal can be found and the 
identities of the ideal and the quotient ring found, then by 
Lemma 18 some identities for the ring can be found. 

Consider my original ess: find the polynomial 
identities of the upper triangular 3 x 3 matrices over the 


rationals with equal entries along the diagonal. 
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a Orec 
R = 0. Ma-'d 2 >a,b,¢,da €.0 = rationals 
Op. Var 
The ideal 
Om LORS 
C= OF £0> 720 2 cle Q 
Nye nee a 
is null and-so belongs to the variety, V associated with 


alee 
T) = T<xy>. Further R/C belongs to the variety V, of 


commutative Q-algebras. Thus Re Vs * V/V associated with T,(T,) 


2 
where T, = T<xy-yx>. By Lemma 36, T, (T,) = T<[x, .x,][x,,x,]> 
and thus p = [x, 5x] [x,.x,] isan identity* of Ri 

One can also note that C is in the center of R. 
Therefore q = [[x, .x5],x.] 1S saisonan Ldentity for i. 

By Lemma 3/,;the identity. gq, 1s mot based on; p. In a 
Grassman algebra of alternating multilinear forms on a free 
Q-module of rank 4, [[x,.x,],x,] = 0, since [x, »x,] is either 0 
or has an even degree. [x, »x,][x,,x,] is not zero in general. 
Thus’ p dis not based on <q. 


Lem wmx,y¥ 2) Be any multilinear identity of R. By 
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for all permutations of XSeuyueananyz we find that 
Im € T<[[x, 5x5] ,x,]>. 

One notes that the standard identity, Si, is based on 
[x »x,][x,,x,]. Therefore by Theorem 30, I(R) is finitely 
generated. Whether T<[x, »x,][x,,x,],[[x,y]z]> are all the 
identities of R, I do not know. 

Let us consider now F-algebras containing unity. Let 
F[x+] be F[X] extended by 1. The T-ideals of FLX] are 
defined similarly, thus also allowing endomorphisms which take 
an indeterminate to 1. Corresponding to these T-ideals are the 
varieties of F-algebras containing unity. A class is S-closed if 
it contains all the F-subalgebras containing unity. 


There are some differences. Lemma 37 fails. Indeed 


we have the following: 
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cot 2n 
Proof: Consider the endomorphism taking Xo] Le, 
and identity elsewhere. Then 
2nt+1 
Sy 41 Xp bee as LD a) c. Son 
i=l 
Where ¢.° Ss") “or? —1. 2n+l is odd and thus ) C, #0. Thus 
a. 
i ce 
Son € T<S, ad: Obviously So nt] € bees and so they are equa 


Note that if unity is substituted for a variable in 


Soa? then ) Coie OL B5S0 S55-1 ¢ TeSys 


Corollary 38: If R is an F-algebra of dimension 2n over F 


and R contains unity, then R_ satisfies Son" 
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